We present a method which allows for the extraction of physical quantities directly from zero-to ultralowfield nuclear magnetic resonance (ZULF NMR) data. A numerical density matrix evolution is used to simulate ZULF NMR spectra of several molecules in order to fit experimental data. The method is utilized to determine the indirect spin-spin couplings (J-couplings) in these, which is achieved with precision of 10 −2 -10 −4 Hz. The simulated and measured spectra are compared to earlier research. Agreement and precision improvement for most of the J-coupling estimates are achieved. The availability of an efficient, flexible fitting method for ZULF NMR enables a new generation of precision-measurement experiments for spin-dependent interactions and physics beyond the Standard Model.
INTRODUCTION
Nuclear magnetic resonance (NMR) has many applications, including precision measurement of physical constants, chemical detection and analysis, and bimolecular structure elucidation. In conventional NMR, large magnetic fields are used in order to enhance chemical-shift resolution and improve the sensitivity of inductive detection, as well as to increase signals due to higher polarization. Furthermore, working at highfield also serves to "truncate" second-order effects arising from nuclear spin interactions that do not commute with the Zeeman Hamiltonian. Zero-to ultralow-field (ZULF) NMR is a recently developed alternative method that does not utilize strong magnetic fields [1] [2] [3] [4] [5] , at least not for encoding and detection. Due to the high absolute field homogeneity and the absence of some relaxation pathways such as those related to chemical-shift anisotropy, ZULF NMR frequently achieves narrow resonance linewidths in the order of tens of mHz, allowing for precise measurement of spin-spin interactions. Additionally, the absence of truncation by a large applied magnetic field means that ZULF NMR is capable of measuring spin-dependent interactions that do not commute with the Zeeman Hamiltonian [6] , which is not generally possible in conventional NMR experiments.
ZULF NMR operates in the regime where the Zeeman Hamiltonian vanishes or can be treated as a perturbation compared to the internal interactions among the nuclei of the molecule. For isotropic liquids, the direct dipole-dipole couplings are averaged due to the random motion of the molecules. The main interactions remaining are the electronmediated indirect spin-spin coupling, J-couplings, of the form JI 1 · I 2 , between two nuclear spins I 1 and I 2 . These couplings are dependent on the geometry and electronic structure of the molecule. This makes J-spectroscopy a source on information for chemical analysis and fingerprinting. Moreover, Jcouplings are a source of information of spin topology and torsion and bond angles. For instance, a structural analysis of several benzene derivatives is discussed in Ref. [1] . Additional information can be provided by applying small magnetic fields [7] or by reintroducing molecular alignment in, for example, stretched polymer gels [6] .
Recently, J-couplings have also drawn the attention of physicists searching for anomalous spin-dependent forces [8] arising from axion-like particles [9] , which are possible darkmatter candidates [10] . For example, in Ref. [8] , the authors were able to set new constraints on the coupling constants between nucleons mediated by exchange of pseudoscalar (axionlike) and axial-vector bosons by comparing precision measurements and calculations of the J-coupling in hydrogen deuteride. More recent experiments have hinted that there may be a significant difference between measured and predicted values for the HD J-coupling [11] . However, while the authors of Ref. [12] also measure slight discrepancies between experiment and theory for the couplings in hydrogen deuteride (HD), hydrogen tritide (HT), and deuterium tritide (DT), they suggest that the effect may be associated with the absence of nonadiabatic corrections in the theory. Along with improvements to calculations, additional precise J-coupling measurements will be valuable to these efforts. Furthermore, it may be possible to search for other exotic physics mediated by new particles by fitting ZULF NMR spectra using various model Hamiltonians that include exotic interactions such as those identified in Ref. [13] . Performing such fits is required for high-precision measurement of J-couplings and/or testing model Hamiltonians. This necessitates the development of efficient code to achieve this task.
In this paper, we introduce a method for measurement of J-couplings that uses ZULF NMR data and provides high precision below spectral linewidths. As a proof of principle, we provide measured J-couplings for several molecules with precision comparable to or better than that currently available in the literature. This method can be readily modified to include any additional spin interactions. The zero-field data of Refs. [1] [2] [3] were reanalyzed, yielding sub-mHz precision for some of the J-couplings as discussed below. Rb alkali-vapor optical atomic magnetometer. Magnetic field is probed by measuring polarization rotation of a linearly polarized beam. The sample is shuttled pneumatically into the magnetically shielded detection region after being polarized.
ZULF NMR EXPERIMENTS
The experiments are discussed in Refs. [1, 5] . A schematic of the zero-field NMR apparatus is shown in Fig. 1 . The sample is polarized in a 2 T permanent Halbach magnet and is then pneumatically shuttled to the detection region. A 87 Rb alkali-vapor optical atomic magnetometer operating in the spin-exchange relaxation-free (SERF) regime [14] is used to measure the evolution of the sample's nuclear spin magnetization. The alkali vapor cell of the optical magnetometer is surrounded with two sets of three orthogonal coils: one set is used for the application of magnetic field pulses, and the other for cancellation of residual static magnetic fields. The atoms in the cell are pumped with a circularly polarized laser light tuned to the D1 transition, propagating along the +z-direction. The magnetic field is probed by optical rotation (OR) of a second frequency-detuned beam propagating along +x direction. With this configuration, the magnetometer is sensitive to magnetic fields in the y-direction. After shuttling the sample to the detection region, a pulse (for instance, with area B x t = π/γ C , for 13 C-labeled molecules in x-direction, where γ C is the gyromagnetic ratio of 13 C) induces coherence among nuclear spins in the molecule. The evolution of this system is then measured with the magnetometer. The signal is processed and Fouriertransformed to create the spectrum that is discussed in later sections of this work.
FITTING METHOD
A density-matrix simulation was developed to model the experiment. The simulation starts by assuming a density matrix corresponding to thermal equilibrium in a magnetic field B y
where β = (k B T ) −1 with Boltzmann constant k B and temperature T , and H pol = −B y j γ j I y, j is the Zeeman Hamiltonian during the polarization step with gyromagnetic ratio γ j of nuclear spin I j . For all future steps, the polarizing magnetic field B y is removed. Then, an instantaneous magnetic field pulse (in this case a π-pulse in x-direction on the 13 C) is applied,
We neglect all other interactions including J-coupling during the pulse. Finally the density matrix is evolved in T × f s steps, where T is the measurement period, and f s is the sample rate of the signal. The evolution is performed with the operator e i/ ·H·t , with the Hamiltonian
Every step of the evolution is accompanied by an evaluation of the magnetization [15] of the system along the quantization axis
The magnetization signal is Fourier-transformed afterwards to create the simulated spectrum, which is then compared to the experimental spectrum. The evolution of the magnetization, M y (t), is a function of the J-couplings. In order to extract the J-couplings from the experimental signals, an optimization problem is solved by iterative least-squares fitting that compares the experimental and the simulated spectra. In addition to the J-couplings, the parameters of the least-squares fit include a scaling factor A and a relaxation parameter τ, which are used to produce an adhoc exponential decay envelope Ae −t/τ that is multiplied with the signal such that the simulated signal becomes M y (t) ⇒ AM y (t)e −t/τ . Using a single exponential decay is justified by the fact that in the data presented here all coherences appear to decohere uniformly, although in general different parts of the density matrix may decay at different rates [16] . Finally the simulated signal is Fourier-transformed and the amplitudes of the simulated and experimental spectra are compared.
It should be mentioned that the signal simulation is computationally expensive. The computational complexity of the problem is given by O N 3 , where N is the side-length of the density matrix of the system, for example, in the case of n spin-1 /2 particles, N = 2 n . This is because evolving a density matrix involves matrix multiplication, which has, at best, a computational complexity of O(N 2.81 ), using the divide-andconquer algorithm. By representing the density matrix and the magnetic moment operator in the basis of H, we were able to reduce the computational complexity to better than O N 2 . This is particularly important for molecular systems with more than five spins, where systematic matrix multiplication becomes prohibitively computationally expensive. Our program computes the spectra in a time t = A · (2 n ) 2 , where A is a factor that depends on the computational power of the computer used. The memory consumption of the program also follows the same formula as a function of the number of spins. On an office workstation with an Intel 4960X processor overclocked to 4.5 GHz, a spectrum of a system with 9 spins takes 7 seconds to simulate (20000 points), and consumes 450 MB of memory. On such a workstation we expect that the practical limit for a spin system is ∼12 spins, due to memory and computational time.
ESTIMATING UNCERTAINTIES
Because no convenient analytic solutions are generally available for the spectra under study, and the topology of χ 2 in the parameter space is commonly complex, the choice of the fitting algorithm requires caution. Algorithms that actively use derivatives to choose the steepest-decent direction are inefficient, since many extra function evaluations are required for them to work. Because of this, the Downhill Simplex Algorithm [17] is implemented for the fits presented here. The simplex algorithm substitutes using derivatives with evaluating different points in the parameter space, and guessing the next step's direction. Once the minimum χ 2 min is reached the standard deviations of all p parameters are determined via
where n = T × f s is the number of points of the spectrum, σ a k is the standard deviation of parameter a k and C −1 kk is the k th diagonal element of the inverse covariance matrix [18] .
RESULTS AND DISCUSSION
We now demonstrate how J-couplings may be extracted from experimental ZULF NMR spectra of several molecules. A detailed description of how these spectra can be understood in terms of molecular/electronic structure can be found in Refs. [1- 3, 5] . The purpose of this paper is to focus on the actual extracted values of the J-couplings. Specific noisy parts of the spectrum are excluded from the fits. For example, due to the fact the data were recorded in the USA, every spectrum shows peaks at 60 Hz and multiples thereof because the mains electrical power in the USA is provided at that frequency. In order to not fit to those peaks, a 2 Hz interval was cut out of the spectrum around every multiple of 60 Hz (e.g. 179-181 Hz). Other noisy portions of the spectra deemed unnecessary for J-coupling fitting were excluded on a case-by-case basis, as discussed in the following sections. For example, for the majority of benzene derivatives, the noisy low-frequency part of the spectrum can be ignored because the high-frequency peak-clusters contain enough information to determine the J-couplings, as described in [1] .
The experimental ZULF NMR spectrum and fitted model of benzene-13 C 1 are shown in Fig. 2 . The J-couplings of benzene have been extensively studied [1, 19] , so this case is particularly useful to determine whether the method presented here yields results which are in agreement with former research. The spectrum from 5 Hz to 300 Hz was fitted while the noisy region from 50 Hz to 80 Hz most likely caused by vibrations in the apparatus was excluded. This exclusion is also justified by the fact that in this region of the spectrum no peaks generated by the molecular model for benzene- 13 C 1 are present. In contrast to most of the other molecules the low-frequency part (not visible in Fig. 2 ) of the spectrum was maintained partially to fit to all the predicted peaks, even though fits to only the high-frequency cluster lead to similar results. In the interval 140-175 Hz the residuals are roughly one order of magnitude smaller than the actual peak heights, in contrast to the low-frequency part with larger residuals. Those also might be caused by vibrations in the apparatus or external sources. The J-couplings extracted from the fit are listed in Table I , along with the couplings reported in Ref. [19] . There is a general agreement between our fitted values and those from Ref. [19] , though there are a number of couplings for which the disagreement between the two measurements is greater than the quadrature sum of the standard deviations. Different experimentally measured values for benzene- 13 C may reasonably be expected due to minor differences in sample preparation procedures (e.g. presence of cosolvents, water absorption, etc.), measurement temperature, etc. Furthermore, due to benzene's anisotropic magnetic susceptibility, a small degree of molecular alignment will occur in large magnetic fields, giving rise to residual dipolar couplings that may be difficult to distinguish from J-couplings, shown for some aromatics in Ref. [20] . Measured zero-field NMR spectrum (black) of benzaldehyde-α- 13 C 1 in the vicinity of 1 J CH with the fitted spectrum (blue) overlaid. As in Fig. 2 , noisy low-frequency portions of the experimental spectrum as well as 2 Hz intervals around overtones of the 60 Hz line noise were excluded from the fit. Fit residuals are shown in red above.
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Benzaldehyde-α-
13 C 1 and Toluene-α-
The case of benzaldehyde-α- 13 C 1 (experimental spectrum and fit shown in Fig. 3 ) is similar to the case of benzene-1-13 C 1 since the spectra both consist primarily of one relatively narrow frequency range with all the information contained in it. For toluene-α- 13 C 1 (Fig. 4) , on the other hand, the spectrum features signals in two distinct regions, centered around 1 J CH and 2 × 1 J CH : ∼120-130 Hz and ∼240-260 Hz. The peaks around 1 J CH arise from transitions between states where the total spin angular momentum, K = n I n , of the methyl 1 H spins is K = 1 /2, and those around 2 × 1 J CH arise from transitions between states with K = 3 /2. We note that the residuals for the two multiplets are slightly biased in opposite directions, due to the frequency dependent sensitivity of the magnetometer. The data have been calibrated based on a measurement of the phase and amplitude response of the magnetometer to applied frequencies in the interval of 4-400 Hz, however calibration files were, at the time, only prepared on a monthly basis, so the amplitude calibration is less than ideal for these particular data.
The fitted values for the J-couplings for benzaldehyde-α-13 C 1 and toluene-α- 13 C 1 are shown in Table II and Table  III , respectively. Discrepancies between the fitted and literature values may be ascribed to the fact that the data for Refs. [21, 22] were acquired for samples diluted in CS 2 , whereas our data were collected for neat liquid. Furthermore, similar to the case of benzene, benzaldehyde and toluene possess anisotropic magnetic susceptibilities, so that the molecular alignment occurring in large magnetic fields may also affect high-field NMR measurements of their J-couplings. example of a spin system that changes based on temperature and measurement field. Formamide- 15 N is a relatively simple spin system composed of four spin-1/2 nuclei, with up to six distinct J-couplings. In high-field room-temperature experiments such as described in Ref. [23] , it is possible to measure distinct chemical shifts for each nucleus, along with all six couplings. However, at elevated temperatures, the rate of internal rotation, k, increases, eventually causing the two amide protons to become indistinguishable on the timescale defined by the measurement. In zero-field NMR measurements, inequivalent spins can only be differentiated based on J-couplings to other nuclei, and these differences are typically very small compared to the chemical shift differences present in high-field NMR. For the data presented in Fig. 5 , we have considered two different models: one in the slow-exchange limit, k 3 J HH−cis − 3 J HH−trans , and one in the fast-exchange limit, k 3 J HH−cis − 3 J HH−trans . In the fast-exchange limit, the spin system is best described as (XA 2 independent J-couplings. In the slow-exchange limit, it is an (XAB)C system, with six independent J-couplings.
The fit results for formamide
Methyl formate-13 C 1 is another relatively simple molecule, consisting of a strongly coupled 13 C-1 H pair that is in turn coupled to three equivalent methyl protons. Due to difficulties in obtaining precise literature values for the J-couplings for this particular isotopomer, we focus here on the comparison of models with and without additional interaction terms in the Hamiltonian. An interesting detail of the methyl formate-13 C 1 spectrum presented in Fig. 6 is that for these data, there appears to be some non-Lorentzian broadening of the resonances, such as would arise due to a small residual magnetic field. In [7] the effect of small magnetic fields on near-zerofield NMR J-spectra is shown to result in additional splittings of the peaks. While such splittings are not resolved in Fig. 6 , peculiarities in the lineshapes and the inability to resolve the two peaks at ∼225 Hz (resolved in Ref. [3] ) lead us to believe that a small residual magnetic field may be present. By including a longitudinal and transverse field as parameters to the fit, the reduced chi-square improves from 1.96 to 0.98 compared to the case without any magnetic field. This is also reflected in the decrease of the standard deviations shown in Table V . As a result of the fit the transverse magnetic field B t was estimated to be 3.1(3) nT and the longitudinal B l to be 2.8(4) nT. Acetonitrile-13 C 2 , 15 N 1 is a special case, in that all of its nuclei have spin 1/2. As such, there are several strong Jcouplings, leading to a complex spectrum that is not easily described in terms of a simple strongly coupled XA n subsystem perturbed by additional weaker long-range couplings, as in Refs. [1] [2] [3] . The result is that the spectrum contains peaks across a comparatively wide range, as can be seen in Fig.7 . While such a range of resonances may be useful for broadband experiments searching for oscillatory exotic interactions (e.g. Refs. [24, 25] ), the fit is susceptible to the frequencydependent sensitivity and phase response of the magnetometer. The data presented in Fig.7 were thus calibrated using the same phase and amplitude response measurements as were used above for toluene-α-13 C 1 . The resulting measured couplings are reported in Table VI , and are in good agreement with the values reported in Refs. [26, 27] , with deviations due to solvent effects perhaps even smaller than expected compared to solvent dependences noted in Ref. [27] .
Systematic Effects
Considering systematic effects on J-couplings one of the main concerns is spatial and temporal temperature gradients. Since certain temperatures allow transitions between different electronic structural modes, the coupling constants can be influenced [20] . The fact that all spectra shown here consist of averaged signals which were taken over a longer period, usually over several hours, required a test to determine time dependent systematic biasing of the data. By analyzing every individual spectrum of methyl formate-13 C 1 , formamide-15 N and benzaldehyde-α- 13 C 1 the fitted values of every parameter show a normal distribution and no time dependence is observed, meaning that the apparatus is not, for example, changing the sample's temperature in a observable manner over long timescales.
There are also time-independent effects like sample impurities or residual external magnetic fields. However, as shown for methyl formate, external magnetic fields can be included as parameters to the procedure, so that those can be incorporated in the fits. Furthermore, in a situation where the interest is more on the variation of the J-couplings in respect to a specific property, with otherwise constant external conditions, "static" systematic effects become less important.
The presented method does not account for finite-pulse effects since all spins are tipped instantaneously in the simulation. The primary consequence of using finite-length pulses in ZULF NMR experiments is the presence of small phase differences as compared to the delta function limit. For this reason the absolute value of the spectrum is fitted rather than the phase-dependent real and imaginary parts.
CONCLUSIONS
Based on numerical simulation and least-squares fitting, estimates of J-coupling constants have been extracted from ZULF spectra with a precision of 10 −2 to 10 −4 Hz. The majority of the extracted J-coupling values are in agreement with earlier results and are of higher precision.
The simulation and fitting routine can easily be modified to incorporate additional interaction terms, time-dependent interactions, and complex pulse sequences. The method can readily be used to measure J-couplings of molecules which have not been analyzed before. Precise J-coupling determinations can also be used to study fundamental interactions. For example, the presence of exotic spin-dependent forces such as those described in Ref. [13] would be expected to manifest as additional terms in the Hamiltonian. It might also be possible to search for symmetry breaking from molecular parity non-conservation. Inclusion of time-dependent Hamiltonians may also allow for searches for oscillating fields associated with dark matter (axions or axion-like particles) as proposed in [24] . 
